Outline

® Lattice field theory:

- Quantum Mechanics with Path Integral  (demo)
- Lattice ¢*

9 - Scalar QED — QCD

® Monte Carlo
® Finite temperature: Y-M deconfinement transition

® Fermions:

Continuum symmetries

Species doubling

Numerical simulation

Finite temperature

® Finite chemical potential:

- Expectations
- Sign problem

- Imaginary chemical potential



o Change $(z) ER o ¢(1) €C: Li=0u0(@) +mlo(@) + £ o)
® Note global U(1) symmetry: ¢(x) — exp(ta)d(x) Vo, LEg unchanged

@® IDEA: promote global symmetry to local “gauge” symmetry: ¢(£IJ) — exp(ia(a;))gb(x)

Obstruction: 0,¢(x), or on the lattice: é(qb(x + i) — ¢(x))

X+ U

@® SOLUTION: - introduce new degrees of freedom attached to links: U, (z) € U(1)
- modify derivative to covariant derivative D, ¢(z) — 1(UM(:zs)qb(ac + 1) — ¢(x))
a

- impose transformation of links U, (z) — exp(ia(x))U,(x)exp(—ic(z + [1))

® Only gauge-invariant observables have non-zero vev: ¢*(z) (H U) ¢(y)

r—Y




® Action Sg allowed to contain S: S: CRshape 1TR Wshape

shaperep. R

Sum over lattice translations and rotations (Lorentz symmetry)

® Simplest choice (smallest loop): “Wilson action” 5, Z (Tr Up,, (z)+Tr U;:V (x))

Up,,(z) = Uu(z)U,(z + QU (z + 2)US(z)  (cf. curl)

UpW (:C) “plaquette” matrix; U—u(x + ) = U_lu(x);

T,V

Ul =yt

X+[V

A
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X+ W+vV

X

=1
X+ U

® Integration measure over links: /HdUM(fL’), uniform & normalized “Haar measure”
@, 1




Continuum limit of Wilson action

® Up, () =Uu(@)U(x+ U\(x +D)Uj(z), Uu(x)=exp(ib(z)) € U(1)

T+

® Introduce gauge field A, (x) suchthat U,(z) = exp {zg/ da' A, (x')

X+ X+ W4V
a—0: U,(z)~expligad,(x+ [1/2)] A 2 >k
Up,, (v) ~ exp[iga (Au(x + 1/2) + Ay(x + o+ D/2) @ 2@
_ /2 + D) — ; I
Mo vz -adero) |4 ]

~exp | —iga® (0, A, (x + (/2 +1/2) — 0, A, (x + /2 + D/2))

\ - 7
V

F,.

TrUp,, + TrU;):V ~ exp(—igCLQFMu) + exp(—|—iga2FW) ~ 2 — 92Q4F3u

® Introduce [ = giQ . Sw =7 Z (1 —ReTrUp,, (x)) = /d4:13 %Fiy(a:)

a—0
T, v

Other loop shapes: same when a — 0, except ¢,,,,,Tr(Up,, Up, ) — FF, CP—violating



U(l) : [EE %: Sw :52 (1—ReTrUpW(x)ﬂajO/d4x ;FEV( )
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® Other Lie groups: U, (z) = exp z'g/ de’ Af(z') 7 |, 7" generators, [r", '] = fHmrm
v om NxN

[ﬁ g: Sw = BZ (1— —ReTrUp,, (v ))Jaio/d4a? ZILFS’/( ), () YM action

9 T,




| d 1 11N 1 )7 34N?

bg (I-loop), b1 (2-loop) universal

1 d 1 1
® Integrate (l-loop): %g—g = —dlogpu — p~exp (%9_2)

g—0 <= u— 400, asymptotic freedom

1 1
® lattice: UVscale 1~ a !, so a(g) ~ exp <_ﬁg_2)’ ie. Eq — 0 < a— Oj
0
2N
Continuum limit is approachedas ¢g — 0 (f = — o0)  (critical point)
g

74

Scaling law is different from 2nd-order critical point § ~ (g — gc)_




Creutz SU(2): PRD 21 (1980) 2308
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[Linear] Confinement:
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T— 00 Strong-coupling expansion
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FIG. 6. The cutoff squared times the string tension
as a function of 8. The solid lines are the strong- and
weak-coupling limits.



Perturbative scaling (I-loop, 2-loop, ...) satisfied accurately for very large 5 only

Unnecessarily demanding

Continuum behaviour is established if “scaling”:

(am;)(5)
(@mier ) (B)

=const., ¢=1,2,--- as 3 isincreased ( m,s =,eg, pion)

Scaling violations polynomial in @ :

(am;)(B)
(amyer)(B)

= const. X (1 +cja+cea”®+---) — guide @ — 0 extrapolation

“Improved” actions: ¢ = (




Lattice QCD Monte Carlo: sources of errors

e Systematic errors:
L — oo, thermodynamic limit
a— 0, continuum limit

Mg \r Mphys

Extrapolations guided by analytic ansatze (asymptotic freedom, xyPT)

e Statistical (Monte Carlo) errors: oc 1/4/#tconfigs.

30 years of steady progress since VMike Creutz, 1980:

Both errors have been shrinking thanks to hardware + algorithmic progress

— Universal tool for static, equilibrium properties of QFT )




Example: hadron masses
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